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NUMERICAL SCHEMES WITH HIGH SPATIAL ACCURACY FOR A
VARIABLE-ORDER ANOMALOUS SUBDIFFUSION EQUATION∗
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Abstract. In this paper, we consider a variable-order anomalous subdiffusion equation. A nu-
merical scheme with first order temporal accuracy and fourth order spatial accuracy for the equation
is proposed. The convergence, stability, and solvability of the numerical scheme are discussed via
the technique of Fourier analysis. Another improved numerical scheme with second order temporal
accuracy and fourth order spatial accuracy is also proposed. Some numerical examples are given,
and the results demonstrate the effectiveness of theoretical analysis.
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1. Introduction. Fractional diffusion equations have been widely used in recent
years in various applications in science and engineering [2], [10], [11], [12], [13], [16],
[27], [28], [29], [30], [44]. Analytical solutions of most of these equations are not
available. Even if these solutions can be given, their constructions by special functions
make their computations difficult. Therefore, a number of authors proposed numerical
methods for solving fractional diffusion equations [1], [3], [4], [5], [6], [7], [17], [20], [21],
[22], [23], [24], [33], [39], [40], [41], [42], [43], [45]. It is a more difficult task to solve
anomalous subdiffusion equations numerically, which are actually integro-differential
equations.












Yuste and Acedo [42] proposed an explicit finite difference method and a von Neumann-
type stability analysis for (1.1). They pointed out the difficulty of convergence analysis
when implicit methods are considered. Yuste [41] proposed weighted average finite
difference methods for this equation. Langlands and Henry [17] proposed an implicit
numerical scheme (L1-approximation) and discussed its accuracy and stability. How-
ever, the global accuracy of the implicit numerical scheme has not been derived, and
it seems that the unconditional stability for all γ in the range 0 < γ ≤ 1 has not been
established. Chen et al. [7] and Chen, Liu, and Burrage [6] presented some numerical
methods with first order temporal accuracy and second order spatial accuracy for
the fractional diffusion equation describing subdiffusion and the fractional reaction
subdiffusion equation, and they analyzed the stability, convergence, and solvability of
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these numerical methods using Fourier analysis. Liu et al. [22] considered a space-
time fractional advection dispersion equation. They proposed an implicit difference
method and an explicit difference method to solve this equation. Stability and con-
vergence of these methods are discussed using mathematical induction. Zhuang et al.
[45] proposed implicit numerical methods for the anomalous subdiffusion equation us-
ing the energy method. Liu, Yang, and Burrage [21] considered a modified anomalous
subdiffusion equation with a nonlinear source term. An implicit difference method
is constructed. Its stability and convergence are discussed using the energy method.
From the continuous time random walk model, Mommer and Lebiedz [31] constructed
linear reaction diffusion systems which capture the defining properties of subdiffusion.
In various applications in science and engineering, in order to more accurately
describe the evolution of a system, the concept of a variable-order operator has been
developed. Variable-order fractional partial differential equations have been studied
[8], [9], [14], [15], [18], [25], [26], [34], [35], [36], [37]. To date, numerical methods and
numerical analysis of variable-order fractional partial differential equations are still at
an early stage of development. Lin et al. [19] investigated stability and convergence of
an explicit finite difference approximation for the variable-order nonlinear fractional
diffusion equation; Zhuang et al. [46] proposed explicit and implicit Euler approxima-
tions for the variable-order fractional advection-diffusion equation with a nonlinear
source term. Stability and convergence of the methods are discussed. Moreover, they
also present a fractional method of lines, a matrix transfer technique, and an extrapo-
lation method for the equation. Sun, Chen, and Chen [38] introduced a classification
of variable-order fractional diffusion models based on the possible physical origins
which cause variable order.
The variable-order problem is apparently more complicated than a constant frac-
tional order problem. We are unaware of any other published work on numerical
schemes for a variable-order anomalous subdiffusion equation. This paper is our ef-
fort to remedy the situation: we develop some new numerical methods with high
accuracy for a variable-order anomalous subdiffusion equation and investigate their
stability and convergence.
We propose a numerical scheme with first order temporal accuracy and fourth













with initial and boundary conditions
(1.3) u(x, 0) = φ(x), 0 ≤ x ≤ L,
(1.4) u(0, t) = ϕ(t), 0 < t ≤ T,
(1.5) u(L, t) = ψ(t), 0 < t ≤ T,
where 0 < γmin ≤ γ(x, t) ≤ γmax < 1 and 0D1−γ(x,t)t v(x, t) is the variable-order
Riemann–Liouville fractional derivative of order 1− γ(x, t) defined as [19], [46]
(1.6) 0D
1−γ(x,t)
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This numerical scheme is detailed in section 2. In section 3, some lemmas are estab-
lished. In sections 4 and 5, the stability and convergence of the numerical scheme
are discussed. In section 6, its solvability is analyzed. In section 7, a new improved
numerical scheme with second order temporal accuracy is introduced. Finally, some
numerical results are given to evaluate the performance of the methods.
2. A numerical scheme for the variable-order anomalous subdiffusion
equation. This section details a numerical scheme for solving (1.2) with initial and
boundary conditions (1.3)–(1.5). We take an equally spaced mesh of J points for
the spatial domain 0 ≤ x ≤ L and K constant time steps for the temporal domain
0 ≤ t ≤ T , and we denote the spatial grid points by
xj = jh, j = 0, 1, . . . , J,
and the temporal grid points by
tk = kτ , k = 0, 1, . . . ,K,
where the grid spacing is simply h = L/J in the spatial domain and τ = T/K in the
temporal domain. We also introduce the following notation:




∣∣∣∣∂6u(x, t)∂x6 , ∂3u(x, y, t)∂x2∂t , ∂2u(x, y, t)∂t2 ∈ C(Ω)
}
.













where γkj ≡ γ(xj , tk), fkj ≡ f(xj , tk).
In constructing an approximation for (2.1), a key point is how to approximate the
Riemann–Liouville fractional derivative. The Grünwald–Letnikov fractional deriva-














If the function g(x, t) has continuous partial derivative ∂g(x,t)∂t for t > 0, then the
Riemann–Liouville and Grünwald–Letnikov fractional derivatives of order 1 − γkj for
g(x, t) are equivalent, i.e.,
(2.2) 0D
1−γkj
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By (2.2) and (2.3), we get
0D
1−γkj































λlj,kg(xj , tk−l) +O(τ ),







l! . From (2.5) and u(x, t) ∈

























































where δ2xu(xj , tk) = u(xj−1, tk) − 2u(xj, tk) + u(xj+1, tk). By replacing u(x, t) with
∂2u(x,t)








Multiplying by 112 and adding
∂2u(xj ,tk)
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)u(xj , tk) +O(h4).
Applying (2.6), (2.7), and (2.11), we now have































































































In terms of the above analysis, we present the following numerical scheme for
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(2.15) u0j = φ(xj), j = 0, 1, . . . , J,
(2.16) uk0 = ϕ(tk), k = 1, 2, . . . ,K,
(2.17) ukJ = ψ(tk), k = 1, 2, . . . ,K.
3. Some lemmas. In this section, we will establish two lemmas.
Lemma 3.1. If 0 < γmin ≤ γ(x, t) ≤ γmax < 1, for j = 1, 2, . . . , J, k =
1, 2, . . . ,K, l = 0, 1, . . . , the coefficients λlj,k satisfy the following:










(3) for n = 1, 2, . . . ,−∑nl=1 λlj,k < 1.












= γkj − 1 < 0.
We notice that 0 < γmin ≤ γ(x, t) ≤ γmax < 1. Hence, for j = 1, 2, . . . , J, k =
1, 2, . . . ,K,
(3.1) 0 < γkj < 1






= (−1)l (1− γ
k
j )(−γkj )(−γkj − 1) . . . (1 − γkj − l + 1)
l!






j + 1) . . . (γ
k
j + l − 2)
l!
< 0.
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This completes the proof of Lemma 3.2.
4. Stability of the numerical scheme. In this section, we will analyze the


























k = 1, 2, . . . ,K; j = 1, 2, . . . , J − 1.




j when x ∈
(
xj− 12 , xj+ 12
]
, j = 1, 2, . . . , J − 1,
0 when x ∈ [0, h2 ] ∪ (L− h2 , L].





























































































































































Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
VARIABLE-ORDER SUBDIFFUSION EQUATION 1747
Then, using the Parseval identities∫ L
0
∣∣uk(x)∣∣2 dx = ∞∑
l=−∞
|ξk(l)|2, k = 0, 1, . . . ,K,
and ∫ L
0
∣∣uk(x)∣∣2 dx = J−1∑
j=1















, k = 0, 1, . . . ,K.
Assume that the solution of the difference equation (4.1) has the form
ukj = ξke
iσjh,





















λlj,kξk−l, k = 1, 2, . . . ,K.
In view of Lemma 3.1, we rewrite (4.3) as
ξk =
1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2











k = 1, 2, . . . ,K.
Proposition 4.1. Letting ξk (k = 1, 2, . . . ,K) be the solution of (4.4), then
|ξk| ≤ |ξ0|, k = 1, 2, . . . ,K.
Proof. For k = 1, from (4.4) we get
ξ1 =
1− 13 sin2 σh2 + 4(1− γ1j)μ1j sin2 σh2
1− 13 sin2 σh2 + 4μ1j sin2 σh2
ξ0.




2 + 4(1− γ1j)μ1j sin2 σh2
1− 13 sin2 σh2 + 4μ1j sin2 σh2
∣∣∣∣∣ |ξ0|
=
1− 13 sin2 σh2 + 4(1− γ1j)μ1j sin2 σh2
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Suppose that
|ξn| ≤ |ξ0|, n = 1, 2, . . . , k − 1.




2 + 4(1− γkj )μkj sin2 σh2












1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2












1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2














1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2















1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2





1− 13 sin2 σh2 + 4μkj sin2 σh2
[
1− (1− γkj )
]} |ξ0|
= |ξ0|.
The proof of Proposition 4.1 is completed via mathematical induction.
According to (4.2) and Proposition 4.1, it can be obtained that the solution of
the difference equation (4.1) satisfies
‖uk‖2 ≤ ‖u0‖2, k = 1, 2, . . . ,K.
Hence, we have the following result.
Theorem 4.2. The numerical scheme (2.14)–(2.17) is unconditionally stable.
5. Convergence of the numerical scheme. We now carry out the conver-
gence analysis of the numerical scheme (2.14)–(2.17). Subtracting (2.14) from (2.12),
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Ekj when x ∈
(
xj− 12 , xj+ 12
]
, j = 1, 2, . . . , J − 1,




Rkj when x ∈
(
xj− 12 , xj+ 12
]
, j = 1, 2, . . . , J − 1,
0 when x ∈ [0, h2 ] ∪ (L− h2 , L].









































and applying the Parseval identities∫ L
0
∣∣Ek(x)∣∣2 dx = ∞∑
l=−∞
|αk(l)|2, k = 0, 1, . . . ,K,
∫ L
0
∣∣Rk(x)∣∣2 dx = ∞∑
l=−∞
|βk(l)|2, k = 0, 1, . . . ,K,
and ∫ L
0
∣∣Ek(x)∣∣2 dx = J−1∑
j=1
h|Ekj |2, k = 0, 1, . . . ,K,
∫ L
0
∣∣Rk(x)∣∣2 dx = J−1∑
j=1
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, k = 0, 1, . . . ,K.
We now assume that Ekj and R
k
j have the following form:
Ekj = αke
iσjh, Rkj = βke
iσjh,





















λlj,kαk−l + βk, k = 1, 2, . . . ,K.
Using Lemma 3.1, we rewrite (5.4) as
αk =
1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2













1− 13 sin2 σh2 + 4μkj sin2 σh2
, k = 1, 2, . . . ,K.

































































Then, there is a positive constant C1 such that
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Further, by the first equality of (5.3), we get
(5.8) ‖Rk‖2 ≤ C1
√
L(τ2 + τh4), k = 1, 2, . . . ,K.
In terms of the convergence of the series on the right-hand side of (5.3), there is a
positive constant C2 such that
(5.9) |βk| ≡ |βk(l)| ≤ C2|β1(l)| ≡ C2|β1|, k = 1, 2, . . . ,K.
Proposition 5.1. Letting αk (k = 1, 2, . . . ,K) be the solution of (5.5), then
|αk| ≤ 3
2
C2k|β1|, k = 1, 2, . . . ,K.
Proof. By E0 = 0 and (5.2), we get
(5.10) α0(l) = α0 = 0.
When k = 1, from (5.5), (5.9), and (5.10), we arrive at
|α1| =














C2n|β1|, n = 1, 2, . . . , k − 1.




2 + 4(1− γkj )μkj sin2 σh2












∣∣∣∣∣ βk1− 13 sin2 σh2 + 4μkj sin2 σh2
∣∣∣∣∣
=
1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2












1− 13 sin2 σh2 + 4μkj sin2 σh2
≤
{
1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2
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1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2






















1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2




























1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2



























1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2








1− 13 sin2 σh2 + 4μkj sin2 σh2
3
2
(k − 1) [1− (1− γkj )]
+
1





1− 13 sin2 σh2 + 4(1− γkj )μkj sin2 σh2








1− 13 sin2 σh2 + 4μkj sin2 σh2
3
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L(τ + h4) ≤ C(τ + h4),
where C = 32C1C2T
√
L. So, we have the following result.
Theorem 5.2. Suppose that u(x, t) ∈ U (Ω); then the numerical scheme (2.14)–
(2.17) is convergent with order O(τ + h4).
6. Solvability of the numerical scheme. It can be seen that the correspond-


























k = 1, 2, . . . ,K; j = 1, 2, . . . , J − 1,
(6.2) u0j = 0, j = 0, 1, . . . , J,
(6.3) uk0 = u
k
J = 0, k = 0, 1, . . . ,K.
Similar to the proof of Theorem 4.2, we can also verify that the solution of (6.1)–
(6.3) satisfies
‖uk‖2 ≤ ‖u0‖2, k = 1, 2, . . . ,K.
Since u0 = 0, therefore
uk = 0, k = 1, 2, . . . ,K,
which indicates that (6.1)–(6.3) have only zero solutions. So, we obtain the following
theorem.
Theorem 6.1. The numerical scheme (2.14)–(2.17) is uniquely solvable.
7. An improved numerical scheme. We first present the second order ap-
proximation formula for the first order derivative. If g(t) is sufficiently smooth, then
















where ∇tg(tk) = g(tk) − g(tk−1) is the first order backward difference. By replacing
g(t) with g′(t), we get
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where 	tg(tk−1) = g(tk)− g(tk−1) is the first order forward difference.
In this section, we suppose that the functions u(x, t) and f(x, t) are sufficiently






























(ξ − η)1−γ(xj ,tk)
]}
ξ=tk
+ f(xj , tk).


















(tk − η)1−γ(xj ,tk) +O(τ
2)
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or
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where
γkj ≡ γ(xj , tk), Γkj ≡ Γ(γ(xj , tk) + 1),






(k − l)γkj+1 − (k − l + 1)γkj+1
]
,




























































) ((k − 1)τ)γ(xj ,tk−1)
γ(xj , tk−1)
+O(τ 2).
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According to the above analysis, we now present the following improved numerical
































































k = 1, 2, . . . ,K; j = 1, 2, . . . , J − 1,
(7.8) u0j = φ(xj), j = 0, 1, . . . , J,
(7.9) uk0 = ϕ(tk), k = 1, 2, . . . ,K,
(7.10) ukJ = ψ(tk), k = 1, 2, . . . ,K,
where fkj ≡ f(xj , tk).
8. Numerical example. In this section, we use the numerical scheme (2.14)-















Γ(2 + γ(x, t))
)
,
0 < t ≤ 1, 0 < x < 1,
with the initial and boundary conditions
(8.2) u(x, 0) = 0, 0 ≤ x ≤ 1,
(8.3) u(0, t) = t2, u(1, t) = et2, 0 ≤ t ≤ 1.
The exact solution of the problem (8.1)–(8.3) is





Table 8.1 lists the maximum errors of the numerical solution for the problem
(8.1)–(8.3) using the numerical scheme (2.14)–(2.17) for various γ(x, t) and τ = h4.
Table 8.2 lists the maximum errors of the numerical solution for the problem (8.1)–
(8.3) using the improved numerical scheme (7.7)–(7.10) for various γ(x, t) and τ2 =
h4, where, on the finite domain 0 ≤ x, t ≤ 1, all γ(x, t) satisfy 0 < γ(x, t) < 1.
A comparison of the schemes (2.14)–(2.17) and (7.7)–(7.10) is shown in Tables 8.1
and 8.2, respectively. It can be seen that the theoretical analysis results have been
verified by the numerical results. The convergence order of the improved numerical







































































































































Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
1758 CHANG-MING CHEN, F. LIU, V. ANH, AND I. TURNER
Table 8.1
The maximum error Emax of the numerical scheme (2.14)–(2.17).
γ(x, t) τ = h4 = 1
16




4.3927 × 10−4 3.2906 × 10−4
15+(xt)8
400
4.9179 × 10−4 3.7095 × 10−4
20−(xt)2
500
5.1910 × 10−4 3.9264× 10−4
30+(xt)4
750
5.2298 × 10−4 3.9604× 10−4
15+(sin(xt))8
400









3.1814 × 10−4 2.3145 × 10−4
22−(xt)2+(xt)4
550
5.1986 × 10−4 3.9368 × 10−4
10−(cos(xt))4
300





2.7111 × 10−4 1.9723 × 10−4
Table 8.2
The maximum error Emax of the improved numerical scheme (7.7)–(7.10).
γ(x, t) τ2 = h4 = 1
16




1.9032 × 10−4 2.9272 × 10−5
15+(xt)8
400
2.8569 × 10−4 8.9489 × 10−5
20−(xt)2
500
2.3457 × 10−4 2.8811 × 10−5
30+(xt)4
750
3.1275 × 10−4 9.6960 × 10−5
15+(sin(xt))8
400









1.6004 × 10−4 4.1236 × 10−5
22−(xt)2+(xt)4
550
3.1368 × 10−4 9.1263 × 10−5
10−(cos(xt))4
300





7.3110× 10−5 3.0528 × 10−5
9. Conclusions. In this paper, a new numerical scheme with first order temporal
accuracy and fourth order spatial accuracy for a variable-order anomalous subdiffusion
equation has been proposed. Its convergence, stability, and solvability have been
discussed via the technique of Fourier analysis. An improved numerical scheme has
also been proposed. Some numerical examples have been given, and the results have
demonstrated the effectiveness of theoretical analysis.
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